A lumped parameter model is presented for studying the dynamic interaction between two disks in relative rotational motion and in friction contact. The contact elastic and dissipative characteristics are represented by equivalent stiffness and damping coefficient in the axial as well as torsional direction. The formulation accounts for the coupling between the axial and angular motions by viewing the contact normal force a result of axial behavior of the system. The model is used to investigate stick-slip behavior of a two-disk friction system. In this effort the friction coefficient is represented as an exponentially decaying function of relative angular velocity, varying from its static value at zero relative velocity to its kinetic value at very high velocities. This investigation results in the establishment of critical curve defining two-parameter regions: one in which stick-slip occurs and that in which stick-slip does not occur. Moreover, the onset and termination of stick-slip, when it occurs, are related to the highest component frequency in the system. It is found that stick-slip starts at a period nearly equal to that of the highest component frequency and terminates at a period almost three times that of the highest component frequency.
Introduction
It has been known that mechanical systems with friction exhibit a phenomenon known as stick-slip. For example, in a brake system, a stator and a rotor in friction contact are in slip state initially at the start of braking. If the intent is to bring the rotor to a complete stop, then a permanent state of stick (zero relative velocity between the rotor and stator) will exist at the end of braking. In addition to the states of slip and stick, a stick-slip transition region may exist which is generally characterized by high frequency oscillations. In the stick-slip transition region, the system displays a series of transient states, that is, slip to stick, and vice versa. With progression of time, the states corresponding to stick gain increasingly larger duration up to the point at which a steady state of stick is achieved.
The existence of stick-slip gives rise to friction forces which are complex in nature and have been known to be responsible for adverse dynamic characteristics. The effects of stick-slip friction are manifested through the development of excessive vibration and noise. Friction-induced vibration is undesirable due to its detrimental effects on the operation and acceptable performance of mechanical systems. Frequent vibration leads to accelerated wear of components, surface damage, fatigue, and noise.
Many aspects of friction-induced vibration are found in the literature. For a comprehensive review of friction the reader may refer to Ibrahim [1, 2] , Armstrong-Hélouvry et al. [3] [4] [5] [6] , Crolla and Lang [7] , and Tabor [8] . Specifically, Oden and Martins [9] include a review on frictional contact of metallic surfaces and in a more recent publication by Martins et al. [10] some aspects of low speed frictional sliding phenomena are reviewed.
A simple system which has been used to examine the stick-slip phenomenon is that of a mass sliding on a moving belt [11, 12] . Another typical system is the pin-on-disk apparatus that has been utilized to study dynamic instabilities [13] . Analytical studies of a pin-on-disk apparatus [14] show that the coupling between rotational and normal modes of vibration is the primary mechanism of the resulting selfexited oscillations. Soom and Kim [15, 16] as well as Dweib and D'Souza [17] came to similar conclusions, showing that the force oscillations are primarily associated with the normal and tangential contact vibrations. This coupling effect was 2 Advances in Acoustics and Vibration considered in the steady sliding point characterization of a simple system [18] . A dynamic stability study [19] , considering the Schallamach waves (growing surface oscillations which propagate from front to rear at the friction surface), showed that, for large coefficients of friction and sufficiently large Poisson's ratio, steady sliding is unstable.
The most widely accepted cause of stick-slip motion is the speed dependence of kinetic friction [3, 4, [20] [21] [22] . The velocity term is often included in analytical models [5, 23] . Bengisu and Akay [24] modeled the friction force as an exponential function of the relative sliding velocity. The friction forces in a model of an automotive disk brake are defined in terms of relative sliding speed, pressure, and temperature at the friction interface [25] . Based on experimental data on stick-slip motion, Bo and Pavelescu [26] developed a friction model consisting of two exponential functions of relative speed. Linear stability theory has shown that there is a critical value of the normal load and the average coefficient of friction, above which the steady state sliding motion becomes unstable [27] . Similar results were found by [28] by studying the stability of a simple model where the friction force was assumed to be steady. It has been observed that the amplitude of the stick-slip motion decreases when the driving velocity, damping coefficient, and spring stiffness increase and the mass of the sliding body decreases [9] . Sherif and Kossa [29] measured and modeled the normal and tangential contact stiffness of two rough surfaces in contact. Sherif [30] analyzed the effect of contact stiffness on the instability condition of frictional vibration. Gao et al. [31] focus on the amplitude of stick-slip motion as a function of humidity, speed, and applied load. It is found that the stick-slip amplitude decreases with increasing substrate speed. In lubricated contacts, the cause of stick-slip motion is attributed to local region of instability where shear stress falls with respect to shear rate [32] . A set of lubricated contact experiments are presented by Polycarpou and Soom [33] . The transitions between sliding and sticking are measured and discussed.
In contrast to the speed dependence of the kinetic friction, Adams [34] presents a model for the dynamic interaction of two sliding surfaces, consisting of a series of moving linear springs at the friction interface. The springs are used to account for the elastic properties of asperities on one of the surfaces. The dynamic analysis indicates that the system is dynamically unstable for any finite speed, even though the coefficient of friction is constant. The idea of representing the friction interaction of two bodies using multiple elastic members such as springs or "bristles" is also presented by [35] . The authors assume that the friction between the two surfaces is caused by a large number of bristles, each contributing a small portion to the total load. The model is numerically inefficient and the authors therefore present a refined model.
In this paper a lumped parameter vibration model for a two-disk friction system is presented. A friction coefficient function that expresses the kinetic coefficient as a function of relative velocity is introduced. The interfacial force between the two plates is calculated based on the dynamic behavior of the disks in the axial direction. This is an important feature in that it allows direct coupling between the axial and rotational motions. That is, the rotational motion must be influenced by the actuating axial force and material properties of the friction material (stiffness and damping) in compression. Therefore, in addition to the properties of the friction material in torsional direction (shear), the model accounts for the properties in axial direction and how the combination of the mechanical properties can influence the dynamic behavior of the system. This capability enables simulations to accurately demonstrate effects of the mechanical properties on dynamic and vibration behavior of the friction system.
The Two-Disk Model
The interaction between two disks in frictional contact is represented using a lumped parameter model shown in Figures 1-3 . The two disks are engaged by the actuating force ( ). The compression of the disks depends on ( ), (mass of the rotor), (equivalent axial stiffness of the disk pair), and (axial damping of the disk pair). The axial behavior of the disks determines the normal interface force between the disk surfaces. Figure 1 shows the schematic of the axial vibration model.
The differential equation of the axial motion for the system can be written as
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The rotational motion of the system is modeled in two states, that is, sliding friction (slip state) and static friction (stick state). The schematics corresponding to the slip and stick states are shown in Figures 2 and 3 , respectively. , , and are the lumped contact parameters (equivalent inertia, torsional stiffness, and damping coefficient) contributed by each disk. The friction torque at the surface depends on the two nonconstant variables: the normal interface force and the relative angular velocity.
We consider a situation in which the rotor, initially at a nonzero angular velocity, is brought to a complete stop by the application of an axial force and as a result of friction contact with the stator. The differential equation for the angular motion of the rotor can be written as
The motion of the lumped inertia representing the contact will be governed by two sets of differential equations. When the two moments of inertia are in slip state,
In stick state, the above reduces to a single differential equation
The normal surface interface force depends on the axial motion as follows:
The effective radius of tangential force ( ) can be estimated if the type of wear is known. Shigley and Mischke [36] show that, after the initial wear has taken place and the disks have worn down to the point where uniform wear is the governing mechanism, the following simple formula can be used to calculate :
where and are the inner and outer diameters of the contact surface, respectively. When uniform pressure can be assumed over the area of the disk, the following formula may be used [36] :
Stick-Slip Friction
A proposed friction coefficient function for the relative angular velocity is presented as follows: where is the Dirac delta function and the function parameters are defined as follows:
=̇2 −̇1 is the relative angular surface velocity.
= ( → 0
+ ) is the friction coefficient for low .
= ( → ∞) is the friction coefficient for high . 0 = ( = 0) is the friction coefficient for zero . is the friction coefficient decay rate.
Stick-slip motion is highly nonlinear behavior which occurs at the point where the relative velocity between the moving bodies is near zero. At zero relative velocity static friction dictates the behavior. This is a multivalued function implying that the friction force will take any value in the range of − 0 to 0 depending on the internal force within the material. As shown in Figure 4 , the breakaway force can be larger than that corresponding to zero velocity. The magnitude of the external force must exceed the peak breakaway force ( 0 ) for sliding to occur. If is smaller than , the coefficient of friction function has a negative slope. The negative slope acts as a nonlinear negative damper and may cause the system to enter a stick-slip phase.
Examination of the forces acting on the disks representing the surfaces ( ) suggests that, in order to have sliding contact, either the relative velocity ( ) must be other than zero or the internal force ( ) generated by spring and damper must exceed the friction force ( 0 ). Conversely, in order to have a stick contact, the relative velocity must be zero and the internal force must be less than the friction force. In general, it is very difficult to capture the instant at which relative velocity equals zero. For simulation purposes, the velocity condition may be written in terms of a tolerance, . This can be summarized as follows:
where
Results

Simulation Summary.
In the simulations presented, the rotor is brought to a stop by the application of an axial actuating force. The axial force is assumed to increase linearly to a maximum value and to be kept constant thereafter.
where 0 and 0 are the maximum axial actuating force and the application time, respectively. The rotor is assumed to rotate with an initial angular velocity 0 at t = 0, when the actuating force is applied. The object is to bring the rotor to a complete stop. is used. Before generating the final results, simulations were run at various accuracies by setting the step size. It was determined that the most appropriate settings for step size in the range involving smaller numbers (e.g., from 10 −9 to 10 −5 ) gave identical results to the ranges mentioned. Initial conditions at t = 0 are =̇= 0,̇=̇2 = 100 rad/s, and = 1 = 2 =̇1 = 0. Figure 5 illustrates the axial response of the system, resulting in rotor displacement of about 0.04 mm.
Time Response.
Figures 6 and 7 depict the rotor angular velocity. The closeup view in Figure 7 shows rotor velocity during a very small window of time of (<0.04 seconds) that includes a small portion of slip state, all the stick-slip state, and a small portion of stick state. This is a decaying oscillation that eventually gets attenuated during the stick state of the system. The angular velocities of the rotor and stator surfaces (inertias ) are illustrated in Figures 8-11 . It is observed that during braking the system attains three distinct dynamic states. From the start of braking at = 0 to = 6.975, the rotor-stator system is in slip state. This is followed by stick-slip from = 6.975 seconds to = 6.99 seconds. The third is the stick state during which the vibration amplitude decays to zero. The relative surface angular velocity is plotted in Figure 12 .
Stick-Slip Response.
As enumerated, the entire braking can be viewed as consisting of three dynamic states: slip, stick-slip transition, and stick. Figures 13 and 14 illustrate these three dynamic states. The close-up view of the stickslip transition region in Figure 14 clearly shows that the duration of stick increases within the stick-slip region until a permanent state of sticking is achieved. The stick-slip behavior is presented in greater detail in Figure 15 , where the Examination of the stick-slip transition region has led to the realization that duration of slip is relatively invariant and that stick increases exponentially with time until achieving a steady state of stick (Figure 15 ).
In the stick-slip transition region a period may be defined as a summation of slip and subsequent stick durations. As mentioned, slip duration is relatively constant at 0.00019 seconds. Stick duration starts at 0.00005 seconds and increases to 0.00053 seconds after which the transition region terminates. Considering the periods of stick-slip, the initial period at the onset of the stick-slip response is = 0.00005 + 0.00019 = 0.00024 s (12) and the final stick-slip period is given by = 0.00053 + 0.00019 = 0.00072 s. 
With = 7.71 ⋅ 10 6 Nm/rad (6.822 ⋅ 10 7 lb-in/rad) and J = 0.0113 kg m 2 (0.1 slug-in-ft), we obtain the period
We note that the period of stick-slip at the onset is nearly equal to the period for the highest component natural frequency of the system, ≈ , and the final period is nearly equal to three times the period corresponding to the highest component natural frequency of the system, ≈ 3 .
Phase Plot
Response. Figures 16-22 depict the phase plots for the lumped parameters representing the rotor and its contact surface. At the start of braking, material elastic deformation (at contact) occurs with decaying oscillatory behavior in rate of deformation (Figure 16 ). At about = 1 second, monotonic increase in material deformation terminates and a stable behavior is observed in the form of a convergent spiral motion, as shown in Figure 17 . This stable behavior continues until about = 6.97 seconds, where a sudden increase in both material deformation and deformation rate is observed ( Figure 18 ). This turns into an unstable vibration behavior in the form of a divergent spiral (Figure 19 ) until the onset of the stick-slip behavior ( Figure 20) . Figure 21 illustrates the stickslip state in which the oscillation amplitude decreases. Finally, at = 6.9896 s, the stick state prevails and a convergent spiral behavior is observed, as depicted in Figure 22 . Figures 23 and  24 present the phase plots for the relative surface velocity.
Critical Parameters for Stick-Slip.
The investigation of stick-slip behavior of the two-disk friction system results in establishing pairs of material damping and friction coefficient decay rate values for which the occurrence of stick-slip can be predicted.
Here a parametric study for different and values is presented. The number of stick-slip transitions is counted and is used to determine the critical pairs of and . The critical values are defined to be those for which stickslip transition region starts to disappear. Figure 25 depicts the resulting curve corresponding to critical -pairs. As illustrated, the domain is divided into two regions. The space enclosed within the curve and the -axis provide thepairs for which stick-slip behavior will take place. For the region outside the critical -curve stick-slip behavior does not exist.
The main utility of the result in Figure 25 lies in illustrating the connection between material and interface properties and the dynamic behavior of the two-disk system. If such properties can be traced back to the parameters used in fabrication of the friction material, then a figure such as Figure 25 can serve as a valuable design aid in deciding material composition and fabrication methods to be used so as to achieve a desired dynamic behavior of the resulting system.
Conclusion
A lumped parameter model for the prediction of vibration response of two-disk brake system has been developed. The model is capable of predicting brake response, including the stick-slip transition phase. Using this capability an investigation of friction-induced vibration and stick-slip phenomenon has been performed.
Examination of stick-slip transition region revealed that duration of slip is relatively invariant and that duration of stick increases nonlinearly with time until achieving a steady state of stick.
Critical values of the material damping and friction coefficient decay rate are found which divide the domain of the two parameters into two regions: one in which stick-slip behavior occurs and the other in which stick-slip will not occur.
The result of the investigation may be summarized as follows:
(1) Duration of slip in the stick-slip transition region is relatively invariant.
(2) Duration of stick increases almost exponentially with time until a final stick state is achieved. (Figure 25 ), defined by set of material damping and friction coefficient decay rate values, is found that defines the region where stick-slip occurs. The resulting curve shows that, for structural damping in the range 0-600 N s/m, there are two limit values for friction-velocity decay rate within which stickslip would occur. The range of friction-velocity decay rate corresponding to stick-slip response increases for lower structural damping within the brake. 
